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Spin-stabilisation of spacecraft is considered a simple and relatively effective way of ensuring passive
attitude stability and has therefore seen wide application. However, very few spin-stabilised spacecraft are
prolate (long and slender), likely due to the fact that spin-stabilising a prolate spacecraft is dynamically
unstable in the presence of energy dissipation due to e.g. fuel sloshing. Recently, interest in prolate spinning
spacecraft has been rekindled because of mission proposals utilising a penetrator concept for exploration
of atmosphere-less celestial bodies such as the Moon. A penetrator is a spacecraft/probe that is designed
to impact the body and survive, thereby burying itself in the upper layer, yielding an attractive vantage
point for subsurface sensors such as seismometers. A high-level analysis and comparison of attitude slew
algorithms using only one thruster has been performed previously in a paper presented at IAC 2010.
This paper aims to give a summary of the comprehensive robustness analysis of seven different single-
thruster slew manoeuvres for a rigid, highly prolate spin-stabilised axisymmetric penetrator spacecraft
as designed in the MoonLITE mission proposal. This analysis has been performed using both analytical
solutions and simulations, except for the Rhumb line algorithm where only simulations could be used. Five
different parameters (spin axis moment of inertia, transverse moment of inertia, spin rate, thruster-on time,
asymmetry) were perturbed one by one; the impact of different design parameters (moments of inertia, spin
rate) on the slew error has also been investigated.
Comparing the analytical solutions with the simulation results it appears that the analytical solutions are
quite accurate and require much less computation time. A further advantage of using analytical solutions is
that they can be inverted and used to e.g. determine the minimum spin rate given a certain maximum slew
time. With respect to the comparison between the slew algorithms, all slews derived from the Half-cone
slew algorithm turn out to be highly susceptible to errors in spin rate for a spacecraft of this type; errors
in moments of inertia have a much lower impact on the final accuracy. Of the Pulse-train algorithms, the
Rhumb line is relatively impervious to a spin rate disturbance but the Spin-Synch is not. These results will
benefit the design of a penetrator mission and spacecraft as they allow the designer to improve estimates
of a mission’s feasibility.
I INTRODUCTION
One proposed mission concept for subsurface invest-
igations into celestial bodies is to use a penetrator-
type spacecraft, a cylindrical projectile that is de-
signed to survive an impact with a celestial body,
burying itself into the subsurface. From this vant-
age point on-board sensors such as seismometers and
thermometers can take measurements of the inner
layer. Two proposed missions using this concept are
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the Japanese mission Lunar-A (unfortunately can-
celled according to Shiraishi et al. [1]) and the Brit-
ish MoonLITE mission concept [2], both intended to
study the lunar subsurface. Due to the lack of atmo-
sphere on the Moon or other potential targets such
as asteroids, attitude stabilisation of these penetrator
spacecraft is usually performed by means of spin sta-
bilisation as this is a relatively simple and low-cost
means of stabilisation. The nature of the mission (i.e.
tip-first impact) suggests spin stabilisation about a
minor axis of inertia.
Previous papers investigated the motion of an
axisymmetric, prolate, spinning semi-rigid penetrator
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spacecraft (Raus et al. [3] and Raus et al. [4]) and
made a trade-off of slew algorithms [5]. This paper
studies the robustness of each of the identified slew
algorithms against perturbations in input paramet-
ers.
I.I Paper Structure
After this introduction, the next section will briefly
introduce the assumptions made for the analyses.
This is followed by a section on the analytical deriva-
tion of the methods used in the robustness analyses.
The following section gives a selection of results to
highlight the varied responses. The penultimate sec-
tion summarises and compares the analysis results
and the last section gives the conclusions of this pa-
per.
II ASSUMPTIONS
The following assumptions are made in general:
• There are no external nor internal disturbance
torques.
• The spacecraft is considered as a rigid body.
• The spacecraft is axisymmetric; its symmetry
axis is defined as the body Z-axis.
• The initial condition is a pure spin around the
spacecraft’s symmetry axis.
• The thruster is ideal, meaning:
– Torque perfectly aligned with the body Y-
axis;
– No transient behaviour during on/off cyc-
ling (perfect step response);
– ‘Impulsive shot’ thrust pulse: the angular
impulse is delivered instantaneously, sim-
ilar to the impulsive shot-approach in orbit
dynamics, where it is assumed the ∆V for
one orbit change is delivered in one instant.
All the slew algorithms discussed in this section are
described in Raus et al. [3], Raus et al. [4] and Wu
et al. [5].
III GEOMETRIC APPROACH
III.I Half-cone Slew
For the purpose of this geometric analysis, the Half-
cone slew (HC) is subdivided in three phases, determ-
ined by the angular momentum vector and illustrated
in Figure 1. The Spacecraft-Fixed Body frame (SFB)
is coincident with the Reference Inertial frame (RI)
at time t = 0.
1. Initial phase: immediately before the initiation
torque pulse, when H = H0;
2. Intermediate phase: H = Hint and the space-
craft is precessing around this axis, in-between
the two torque pulses;
3. Final phase: H = Hf , immediately after the
cancellation torque pulse.
Due to the assumptions that no disturbance torques
are present and that the angular impulse is instant-
aneous, the angular momentum vector is also the
Euler eigenaxis for the rotation in each phase. With
this fixed eigenaxis, the kinematic equations for these
phases can be set up using quaternions. The rotation
starting from RI around H0, between t = 0 and the
initiation pulse, is described by qI in Equation (48).
The rotation of the SFB Z-axis between the end of
the initiation pulse and the start of the cancellation
pulse is described by qII in Equation (49), relative
to the attitude at the end of the initiation pulse; q21
is the corresponding absolute attitude relative to RI,
defined in Equation (29). And finally, qIII is the ro-
tation of the SFB frame around its Z-axis relative
to the Z-H plane, defined in Equation (50), and q321
is defined in Equation (32) and is its corresponding
absolute attitude relative to RI.
The equations for the angular momenta are given
below:
H0 = Iω0 (1)
Hint = H0 + T tfd

init
= H0 + [qI]T btfd (2)
Hf = Hint + T tfd

cancell
= Hint + [qIII ⊗ qII ⊗ qI]T btfd
= Hint + [q321]T btfd (3)
The angular momentum vector H is measured in the
RI frame while the torque vector T b is given in the
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Fig. 1: Phases in Half-cone slew
SFB frame, hence the necessity to convert the angular
impulse vector T btfd into RI frame at both instants.
The square brackets around the quaternions indicate
they are transformed into their respective 3x3 Direc-
tion Cosine Matrix (DCM) using Equation (4), which
can be found in Sidi [6], Equation A.4.15 in Appendix
A.4.3.
[q] = DCM(q) =
DCM11 DCM12 DCM13DCM21 DCM22 DCM23
DCM31 DCM32 DCM33

(4)
DCM11 =q
2
1 − q22 − q23 + q24 (5)
DCM12 =2(q1q2 + q3q4) (6)
DCM13 =2(q1q3 − q2q4) (7)
DCM21 =2(q1q2 − q3q4) (8)
DCM22 =− q21 + q22 − q23 + q24 (9)
DCM23 =2(q2q3 + q1q4) (10)
DCM31 =2(q1q3 + q2q4) (11)
DCM32 =2(q2q3 − q1q4) (12)
DCM33 =− q21 − q22 + q23 + q24 (13)
III.II Dual-cone Slew
The Dual-cone slew (DC) is a concatenation of two
Half-cone slews, where the azimuth angle αint, con-
trolling the direction of the second HC, is modified
such that greater flexibility in potential slew angles is
attained. The calculations behind this can be found
in Raus et al. [4]. A second, less critical modification
is that the nutation angle θ for each Half-cone needs
to be forced to the larger angle, again as specified
in the Dual-cone’s definition. These two modifica-
tions do not require any other input than the ini-
tial conditions, which allows the use of the Multi-
cone algorithm with an extension for the Dual-cone,
triggered by an optional flag in the input arguments.
III.III Sector-Arc Slew
The Sector-Arc Slew (SAS) algorithm is similar to
a Half-cone, but the main difference is that the in-
termediate angular momentum vector Hint is not in
the plane spanned by the initial and target spin axis
attitudes. As a result, an extra degree of freedom is
obtained that greatly enhances flexibility. It is set
up as described in Raus et al. [4], where both θ and
k are considered inputs, and the slew angle δ is an
output. This allows for easy reuse of the algorithm
in the EHC algorithm, where both θ and k can be
pre-calculated.
III.IV Extended Half-cone Slew
The Extended Half-cone slew (EHC) is a concaten-
ation of two partial Half-cones as described in Wu
et al. [5]. This requires a different treatment than
the Dual-cone. Fortunately, the SAS algorithm can
be reused such that the EHC algorithm resembles
the Dual-cone algorithm but concatenates two SAS
instead of two Half-cones, with a modification for the
azimuth angle α of each SAS.
IV TAYLOR SERIES APPROXIMATION
In this section the sensitivity of the Half-cone’s con-
stitutive equations to errors in inertia, spin rate,
torque is explored by setting up a Taylor series ap-
proximation around their nominal values. In theory a
similar approach can be taken for the other Half-cone
derived slew algorithms, but in practice this turned
out to be too complex, especially in light of the low
penalty in calculation time for using the relatively
simple geometrical analysis as explained in Section
III.
We assume the target nutation angle θ (the sub-
script ‘t’ is dropped for clarity) is a pre-defined con-
stant given by the target slew angle δ: θ = δ/2. In-
stead of θ the HC algorithm will have to calculate a
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corresponding k value, which is depending on several
parameters.
IV.I Summary
In this section the results of the derivations of first
and second order partial derivatives for the second-
order Taylor series approximation of the following
three Half-cone quantities will be briefly summarised
as a function of Iz, It and ωz:
1. Intermediate angular momentum vector Hint
2. Final angular momentum vector Hf
3. Final Z-axis attitude Zf
These will be briefly introduced here with the equa-
tion numbers used in their respective derivations.
For Hint:
∂Hint
∂Iz
= ωz (38)
∂Hint
∂It
= 0 (39)
∂Hint
∂ωz
= Izωˆz + tfd
∂[qI]
∂ωz
T b (40)
∂Hint
∂tfd
= [qI]T b (41)
∂2Hint
∂I2z
= 0 (42)
∂2Hint
∂I2t
= 0 (43)
∂2Hint
∂ω2z
= tfd
∂2[qI]
∂ω2z
T b (44)
∂2Hint
∂t2fd
= 0 (45)
where:
• ∂[qI]
∂ωz
= M
(
qI,
∂qI
∂ξ
)
is calculated by using
equations (27), (48) and (51).
• ∂
2[qI]
∂ω2z
is calculated by using equations (28),
(48), (51) and (52).
The derivation of Hf starts from Equation (47)
and is simplified using Equation (37):
Hf =Hint + [q321]T btfd
=H0 + [qI]T btfd + [q321]T btfd
=H0 + ([qI] + [q321])T btfd ⇔ (14)
∂Hf
∂ξ
=
∂H0
∂ξ
+
(
∂ [qI]
∂ξ
+
∂ [qIII ⊗ qII ⊗ qI]
∂ξ
)
T btfd
=
∂H0
∂ξ
+M
(
qI,
∂qI
∂ξ
)
T btfd
+M
(
q321,
∂q321
∂ξ
)
T btfd (15)
∂2Hf
∂ξ2
=
∂2H0
∂ξ2
+
(
∂2 [qI]
∂ξ2
+
∂2 [qIII ⊗ qII ⊗ qI]
∂ξ2
)
T btfd
=
∂2H0
∂ξ2
+M2
(
qI,
∂qI
∂ξ
,
∂2qI
∂ξ2
)
T btfd
+M2
(
q321,
∂q321
∂ξ
,
∂2q321
∂ξ2
)
T btfd (16)
where q321 is defined in Equation (32),
∂q321
∂ξ
is
defined in Equation (33), and
∂2q321
∂ξ2
is defined in
Equation (34).
For Zf , from Equation (62):
Zf = [qII ⊗ qI]
00
1

= [q21]
00
1
⇔
∂Zf
∂ξ
= M
(
q21,
∂q21
∂ξ
)00
1

∂2Zf
∂ξ2
= M2
(
q21,
∂q21
∂ξ
,
∂2q21
∂ξ2
)00
1

where q21 is defined in Equation (29),
∂q21
∂ξ
is defined
in Equation (30), and
∂2q21
∂ξ2
is defined in Equation
(31).
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IV.II Preconditions
The Direction Cosine Matrix itself also needs to be
derived as it is a function of its respective quaternion.
Its partial derivative with respect to any variable ξ is
derived from Equation (4) as follows:
∂DCM(q)
∂ξ
=
M1 M2 M3M4 M5 M6
M7 M8 M9
 (17)
Where:
M1 = q1
∂q1
∂ξ
− q2 ∂q2
∂ξ
− q3 ∂q3
∂ξ
+ q4
∂q4
∂ξ
(18)
M2 = q2
∂q1
∂ξ
+ q1
∂q2
∂ξ
+ q4
∂q3
∂ξ
+ q3
∂q4
∂ξ
(19)
M3 = q3
∂q1
∂ξ
− q4 ∂q2
∂ξ
+ q1
∂q3
∂ξ
− q2 ∂q4
∂ξ
(20)
M4 = q2
∂q1
∂ξ
+ q1
∂q2
∂ξ
− q4 ∂q3
∂ξ
− q3 ∂q4
∂ξ
(21)
M5 = −q1 ∂q1
∂ξ
+ q2
∂q2
∂ξ
− q3 ∂q3
∂ξ
+ q4
∂q4
∂ξ
(22)
M6 = q4
∂q1
∂ξ
+ q3
∂q2
∂ξ
+ q2
∂q3
∂ξ
+ q1
∂q4
∂ξ
(23)
M7 = q3
∂q1
∂ξ
+ q4
∂q2
∂ξ
+ q1
∂q3
∂ξ
+ q2
∂q4
∂ξ
(24)
M8 = −q4 ∂q1
∂ξ
+ q3
∂q2
∂ξ
+ q2
∂q3
∂ξ
− q1 ∂q4
∂ξ
(25)
M9 = −q1 ∂q1
∂ξ
− q2 ∂q2
∂ξ
+ q3
∂q3
∂ξ
+ q4
∂q4
∂ξ
(26)
Equations (18) to (26) can be written more clearly
as a matrix-vector equation using the column vector
∂q/∂ξ:
M
(
q,
∂q
∂ξ
)
= 2

q1 −q2 −q3 q4
q2 q1 q4 q3
q3 −q4 q1 −q2
q2 q1 −q4 −q3
−q1 q2 −q3 q4
q4 q3 q2 q1
q3 q4 q1 q2
−q4 q3 q2 −q1
−q1 −q2 q3 q4

∂q
∂ξ
(27)
Note that the result M from (27) is now a 9x1 column
vector, but it can easily be converted back to the 3x3
matrix ∂DCM(q)/∂ξ using Equation (17). If e.g.
using MATLAB, the function vec2mat is perfectly
suited for this.
The second-order partial derivative of the DCM
will be required for a second-order approximation.
Using Equation (17), we can see that this derivative
can be translated to ∂M/∂ξ, which is easier to derive
starting from Equation (27) and resulting in Equa-
tion (28). Similar as for the first-order equation, the
result M2 = ∂M/∂ξ is a 9-element column vector,
which is converted to a 3x3 matrix in the same way
as in Equation (17).
M2
(
q,
∂q
∂ξ
,
∂2q
∂ξ2
)
=
∂M
(
q, ∂q∂ξ
)
∂ξ
=M
(
∂q
∂ξ
,
∂q
∂ξ
)
+M
(
q,
∂2q
∂ξ2
)
(28)
Finally, to shorten certain equations, two addi-
tional quaternions q21 and q321 are defined as follows,
with their partial derivatives:
q21 ≡ qII ⊗ qI ⇔ (29)
∂q21
∂ξ
=
∂qII
∂ξ
⊗ qI + qII ⊗
∂qI
∂ξ
(30)
∂2q21
∂ξ2
=
∂2qII
∂ξ2
⊗ qI + 2
∂qII
∂ξ
⊗ ∂qI
∂ξ
+ qII ⊗
∂2qI
∂ξ2
(31)
and
q321 ≡ qIII ⊗ qII ⊗ qI = qIII ⊗ q21 ⇔ (32)
∂q321
∂ξ
=
∂qIII
∂ξ
⊗ q21 + qIII ⊗
∂q21
∂ξ
(33)
∂2q321
∂ξ2
=
∂2qIII
∂ξ2
⊗ q21
+ 2
∂qIII
∂ξ
⊗ ∂q21
∂ξ
+ qIII ⊗
∂2q21
∂ξ2
(34)
where
• ∂qI
∂ξ
will be defined in Equation (51) for ωz and
is zero otherwise;
• ∂
2qI
∂ξ2
will be defined in Equation (52) for ωz and
is zero otherwise;
• ∂qII
∂ξ
will be defined in Equation (53);
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• ∂
2qII
∂ξ2
is derived from Equation (53);
• ∂qIII
∂ξ
will be defined in Equation (54);
• ∂
2qIII
∂ξ2
will be defined in Equation (59).
The controller uses Equation (36) to calculate tfd
based on the nutation angle θC , which is in its turn
calculated from the slew angle δ according to Equa-
tion (35).
ζ = round
[
1/2
(
cos(δ/2)
1− λ
λ
− 1
)]
θC = arccos
[
(1 + 2ζ)
λ
1− λ
]
(35)
tfd = Izωz
tan(θC)
‖T ‖ (36)
IV.III Angular Momentum Error
For the Half-cone there are only three important
points for the angular momentum vector H: ini-
tial, intermediate and final position (H0,Hint,Hf
respectively). It is assumed the initial value is given
at the start, so this is not affected by any parameter
changes.
For Hint:
Hint = H0 + T tfd

init
⇔
= H0 + [qI]T btfd ⇔ (37)
∂Hint
∂Iz
=
∂H0
∂Iz
+ [qI]T b
∂tfd
∂Iz
= ωz (38)
∂Hint
∂It
= 0 (39)
∂Hint
∂ωz
=
∂H0
∂ωz
+
[
T b
∂tfd
∂ωz
+ tfd
(
∂[qI]
∂ωz
T b
)]
= Izωˆz + tfd
∂[qI]
∂ωz
T b (40)
∂Hint
∂tfd
= [qI]T b (41)
The second-order derivatives are as follows:
∂2Hint
∂I2z
= 0 (42)
∂2Hint
∂I2t
= 0 (43)
∂2Hint
∂ω2z
=
∂
(
Izωˆz + tfd
∂[qI]
∂ωz
T b
)
∂ωz
= tfd
∂2[qI]
∂ω2z
T b
= M2
(
qI,
∂qI
∂ωz
,
∂2qI
∂ω2z
)
T btfd (44)
∂2Hint
∂t2fd
= 0 (45)
(46)
For Hf using Equation (3), with the cancell
subscript denoting the cancellation pulse and q321
defined in Equation (32):
Hf = Hint + T tfd

cancell
= Hint + [qIII ⊗ qII ⊗ qI]T btfd
= Hint + [q321]T btfd (47)
Setting up the equations for q as functions of time
t:
qI =

0
0
sin(α0/2)
− cos(α0/2)
 (48)
qII =
[
Hˆ
bI
int sin(ωHt/2)
− cos(ωHt/2)
]
(49)
qIII =

0
0
sin(ωN t/2)
− cos(ωN t/2)
 (50)
Note that the Hˆint occurring in Equation (49) needs
to be expressed in the SFB–I reference frame, not the
RI frame, since qII is specified relative to that frame.
The minus sign in the fourth element is present to
get the right conversion: SFB to RI instead of RI to
SFB.
The derivative of qI only depends on ωz because of
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α0, as follows:
∂qI
∂ωz
=

0
0
cos(α0/2)
sin(α0/2)
 ∂(α0/2)∂ωz
=

0
0
cos(α0/2)
sin(α0/2)
 t0/2 (51)
This result has been used above in Equation (40).
The second-order derivative is then given by:
∂2qI
∂ω2z
=

0
0
− sin(α0/2)
cos(α0/2)
 (t0/2)2 (52)
For qII chain rule derivation with respect to an
arbitrary variable ξ yields Equation (53):
∂qII
∂ξ
=
∂
[
Hˆ
bI
int sin(ωHt
∗
s/2)
− cos(ωHt∗s/2)
]
∂ξ
=

∂Hˆ
bI
int
∂ξ
sin
ωHt
∗
s
2
+ Hˆ
bI
int
t∗s
2
∂ωH
∂ξ
cos
ωHt
∗
s
2
t∗s
2
∂ωH
∂ξ
sin
ωHt
∗
s
2

(53)
Where t∗s is the pre-calculated slew time and is inde-
pendent of the perturbations as the controller does
not know of these perturbations but uses precoded
values. Second-order derivatives are derived from this
equation.
For qIII:
∂qIII
∂ξ
=
∂

0
0
sin(ωN t
∗
s/2)
− cos(ωN t∗s/2)

∂ξ
=

0
0
cos(ωN t
∗
s/2)
sin(ωN t
∗
s/2)
 t∗s/2∂ωN∂ξ (54)
=

0
0
sin(pi/2− ωN t∗s/2)
cos(pi/2− ωN t∗s/2)
 t∗s/2∂ωN∂ξ
= qIII(pi/ωN − t∗s)t∗s/2
∂ωN
∂ξ
(55)
The corresponding partial derivatives of qIII are
summarised here in equations (56), (57) and (58) be-
low:
∂qIII
∂Iz
= qIII(t
∗
s + pi/ωN )
−ωz
It
t∗s/2 (56)
∂qIII
∂It
= qIII(t
∗
s + pi/ωN )
λωz
It
t∗s/2 (57)
∂qIII
∂ωz
= qIII(t
∗
s + pi/ωN )(1− λ)t∗s/2 (58)
Second-order derivatives of Equation (54) are then
as follows:
∂2qIII
∂ξ2
=

0
0
− sin(ωN t∗s/2)
cos(ωN t
∗
s/2)
( t∗s2 ∂ωN∂ξ
)2
+

0
0
cos(ωN t
∗
s/2)
sin(ωN t
∗
s/2)
 t∗s2 ∂2ωN∂ξ2 (59)
(60)
With the above equations, the values for all first-
order derivatives are known. With these variables, an
estimate for the error in Hint and Hf due to an error
in Iz, It or ωz can be estimated using a second-order
Taylor series expansion, as done in Equation (61) for
the case of an error in Iz.
Hf ≈Hf,0+ ∂Hf
∂Iz
(Hf,0)∆Iz+
∂2Hf
∂I2z
(Hf,0)
(∆Iz)
2
2
(61)
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IV.IV Residual Nutation
The residual nutation error is determined by the dis-
tance between Zf and Hf . Of these two Hf is
defined above, so this leaves finding an equation for
the spin axis Zf . Fortunately the work done for
T cancell (see Equation (47)) can be reused as Zf is
defined in the same reference frame:
Z = ZRI = [qSF2RI]ZSFB
= [qIII ⊗ qII ⊗ qI]ZSFB
= [qII ⊗ qI]
00
1
 (62)
Compared with T , this equation is actually simpler
since the rotation of the spacecraft around its Z-axis
given by qIII is not relevant for the orientation of this
Z-axis in inertial space.
Going into more detail, the residual nutation error
can be written as follows:
∆θ = arccos(Zf · Hˆf ) (63)
The dot-product of two vectors does not yield the en-
closed angle but rather the cosine of this angle if both
vectors are unit vectors, hence the need to transform
Hf into its unit vector Hˆf . For simplicity, the fol-
lowing equations will focus on the dot-product, leav-
ing out the arccosine.
Using the chain rule, the partial derivative of this
dot-product relative to an arbitrary variable ξ can be
written as follows:
∂(Z · Hˆf )
∂ξ
=
1
Hf
(
∂Z
∂ξ
·Hf +Z · ∂Hf
∂ξ
)
+
Z ·Hf
−H2f
∂Hf
∂ξ
(64)
Note that it was decided to split Hˆf = Hf/Hf in
order to facilitate reuse of formulas derived above;
this does impose an additional chain rule term.
Concerning the partial derivatives occurring in the
last Equation (64), ∂Hf/∂ξ has been calculated in
the previous section and ∂Zf/∂ξ can be obtained
through taking the derivatives for the above deriv-
ation of Zf in (62). This leaves ∂Hf/∂ξ, which is
derived in Equation (65) below:
∂Hf
∂ξ
=
∂
√
Hf ·Hf
∂ξ
= 1/Hf
(
Hf · ∂Hf
∂ξ
)
= Hˆf · ∂Hf
∂ξ
(65)
which is again composed of pre-derived quantities.
V ANALYSIS BY SIMULATIONS
In every case the ‘predicted’ behaviour (if any) of the
spacecraft is compared with simulations. The simu-
lator used is developed in Matlab Simulink, with a
collection of M-files in supporting roles. The Sim-
ulink model only requires one M-file to set up initial
values for one simulation run; the added value of the
remaining M-files is mainly in enabling automation
of chaining many simulation runs into batches and
post-processing the results of each batch. One batch
typically contains about 110 simulation runs and gen-
erates one pair of (∆H ,∆Z)-figures in the next sec-
tion VII.
The assumptions used in the simulation set-up are
identical to the ones described in Section II, with
one major exception: the ‘impulsive shot’ assump-
tion (part of the ‘ideal thruster’ assumption) is no
longer upheld in the simulations. Instead, the angu-
lar impulse is now spread over the thruster firing dur-
ation, resulting in a potentially significant aberration
from the theoretical predictions as the combination
of spin rate and thruster firing duration implies that
the control torque is not continuously in the desired
direction during the thruster firing duration.
Simulations are the only method used in this re-
port for analysing the Rhumb line slew (RL). This
algorithm is dependent on an external signal (the sun
pulse), which is in its turn depending on the space-
craft’s instantaneous attitude and precludes most at-
tempts at analytical simplification.
Aside from this, simulations are also the only
method used in this report when analysing every al-
gorithm’s robustness against a perturbation in the
axisymmetric assumption, as this assumption is a
very fundamental building block for the mathemat-
ical analyses discussed in this paper. However, it is
not impossible (but still quite complex) to mathem-
atically describe the spacecraft behaviour in case of
small perturbations: see e.g. Livneh and Wie [7].
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V.I Simulation Inputs
Simulations were made using a MATLAB Simulink
simulator as described in Wu et al. [8]. The initial
state of the spacecraft is a pure spin around its SFB
Z-axis. The attitude thruster is modelled as an on-off
thruster, meaning the thrust is either zero or max-
imum.
Input parameters Value
Ix 5.35416 kg·m2
Iy 5.35416 kg·m2
Iz 0.065 kg·m2
Control torque T b [0 0.1 0]N·m
Spin rate (around Z-axis) 0.2 rad/s
Initial Euler angles [0 0 0]
Target slew angle δt 90
◦
Table 1: Input parameters for simulations
Table 1 defines the constants used during the sim-
ulation run. Each simulation will be compared on
three main aspects: accuracy, time efficiency and en-
ergy efficiency.
Accuracy is measured by the angular difference (er-
ror) between the target attitude and the final atti-
tude. The ‘final’ attitude is defined as the attitude
immediately after the last thruster pulse. Any resid-
ual nutation angle at this point will induce a varying
angular error, which is why the error is divided into
two parts: the angular momentum error ∆H , which
is the angle between the target angular momentum
vectorHt and its final valueHf , and the residual nu-
tation angle ∆Z , which is the angle between the final
spin axis Zf and Hf , see Figure 2. These two errors
are time-independent in the absence of disturbance
torques.
VI METHODOLOGY OVERVIEW
Table 2 gives an overview of the analysis method used
for an algorithm, depending on the perturbation. As
stated above, in summary this boils down to:
• Simulations are always used;
• The Taylor series approximation is only used for
the Half-cone manoeuvre;
• All other manoeuvres use a geometric approach
when available; and
Fig. 2: Accuracy: Angular momentum error ∆H and re-
sidual nutation angle ∆Z
• Asymmetric perturbations are only analysed
through simulations.
Perturbation Iz It ωz tfd Iy
HC T,S T,S T,S T,S S
EHC G,S G,S G,S G,S S
SAS G,S G,S G,S G,S S
DC G,S G,S G,S G,S S
RL S S S S S
Table 2: Overview of analysis methods (Taylor,
Geometric, Simulation) used per algorithm and
perturbation
Legend:
• T = Taylor series approximation (see Section
IV)
• G = Geometric method (see Section III)
• S = Simulations (see Section V)
VII ROBUSTNESS ANALYSIS RESULTS
For all the algorithms defined in the previous Section
III, robustness analyses were performed for a perturb-
ation of one of five different parameters:
1. Spin axis moment of inertia Iz
2. Transverse moment of inertia It
3. Spin rate ωz
4. Thruster firing duration (also called ‘thruster on-
time’) tfd
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5. Y-axis moment of inertia Iy, to create a non-
axisymmetric spacecraft
These perturbations are in linear steps ranging from
−1% to +1%, except for tfd which is perturbed in
linear steps from -10ms to +10ms, as this was deemed
more realistic.
In order to see the effect of a parameter range on
robustness, additionally parameters can be varied in
linear steps from −10% to +10%. Due to space re-
strictions, in this paper only slew angle δ will be con-
sidered.
The Pulse-train manoeuvre analyses do not con-
sider the slew angle as parameter because it has vir-
tually no impact on the controller (only on control-
ler cutoff time), in contrast to the Half-cone derived
manoeuvres.
As previously done in Raus et al. [3], a slight modi-
fication was made to the initial parameters described
in table 1 in order to enable representative Pulse-
train slew manoeuvres (RL, SS): the spin axis mo-
ment of inertia (Iz) is increased tenfold to 0.65 kg·m2.
Furthermore, for these slews, the thruster firing dur-
ation tfd is set constant to 0.05 s.
VII.I Half-cone Slew
The behaviour of ∆H relative to δt seems erratic at
first, but this is caused by the integer round-off in the
Half-cone’s governing equations due to the integer
number of attainable nutation angles. This integer
round-off also causes the ∆H behaviour relative to
the perturbation: for a certain requested slew angle
δt, ∆H can become smaller when Iz is off-nominal as
this Iz value actually enables a nutation angle θ closer
to the ideal value of δt/2. This behaviour returns
in other Half-cone robustness analyses for transverse
and spin axis moments of inertia, as these two para-
meters are also influencing the attainable Half-cone
nutation angles.
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Fig. 3: ∆H and ∆Z as a function of δt and Iz perturbation
for HC
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Fig. 4: ∆H and ∆Z as a function of δt and It perturbation
for HC
The effects of a spin axis moment of inertia
or transverse moment of inertia perturbation as
sketched in Figures 3 and 4 are reasonable: at 1% per-
turbation, the final pointing error amounts to about
4◦ maximum. Furthermore, there seems to be little
or no effect of an It perturbation on ∆H .
In sharp contrast, the Half-cone manoeuvre is ex-
tremely sensitive to an error in spin rate as can be
seen from Figure 5. The second-order predictions
do overestimate the angular error, but by defini-
tion Taylor series predictions are only valid ‘close’
to the nominal point. Given that the simulated res-
ults already go up to an extreme of about 50◦ for
each of the error angles, this is definitely out of the
confidence interval of the second-order Taylor series
approximation. This sensitivity to spin rate ωz re-
appears in all Half-cone derived manoeuvres.
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Fig. 5: ∆H and ∆Z as a function of δt and ωz perturba-
tion for HC
By inverting the second-order predictions, an ini-
tial estimate for the accuracy of the spin rate determ-
ination can be found if the pointing error is required
to be less than a certain value. E.g. in this case, for
a pointing accuracy in the order of 5◦ or less, the er-
ror in ωz should preferably be less than 0.05%. This
translates to an accuracy of 0.1 mrad/s on a spin rate
of ωz = 0.2 rad/s.
The effects of a timing error in the thruster firing
duration can be seen in Figure 6. Note that the X-
axis is different in scale from before, ranging between
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Fig. 6: ∆H and ∆Z as a function of δt and tfd perturba-
tion for HC
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Fig. 7: ∆H and ∆Z as a function of δt and asymmetric
perturbation for HC
−8% and +8%, due to the way the error is inserted
into the simulations: where previously the error was
defined as a percentage of the nominal value, for a
tfd simulation it is defined as an absolute value (in
seconds) and afterwards recalculated as a percent-
age of the nominal tfd. This is done because in con-
trast to previous parameters, which were input con-
stants, tfd is calculated by the on-board controller
and the error should therefore be inserted after this
step. Since the value of tfd is formally ‘unknown’ be-
forehand, the error cannot be defined as a percentage
of tfd but has to be defined in absolute value.
An error in tfd appears to have no effect on the
residual nutation angle ∆Z when the scale of the Z-
axis in this figure: 10−6 degrees is taken into account.
This is because both the initiation and the cancella-
tion pulse are modified with the same absolute error;
since the timing of the cancellation pulse depends on
ωN , which is independent of tfd, the thruster will
still be in the correct position for a complete can-
cellation when the command to fire the cancellation
pulse is given. This is true for all Half-cone derived
algorithms.
Finally, a perturbation of the axisymmetric as-
sumption has an effect on ∆H very similar to that
of an It perturbation, compare Figures 4 and 7. This
seems to indicate the Half-cone manoeuvre is relat-
ively robust against errors in the inertia matrix. The
discontinuities resulting from a changing δt while the
nutation angle is limited to a definite number of val-
ues is again apparent in both ∆H and ∆Z .
∆Z for an asymmetric perturbation is surprisingly
small compared to e.g. the It perturbation and ap-
pears to decrease with δt.
VII.II Extended Half-cone Slew
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Fig. 8: ∆H and ∆Z as a function of δt and Iz perturbation
for EHC
The trend for ∆H seen in Figures 8 and 9 is to
increase slightly with increasing slew angle for per-
turbations in It and Iz. This can be expected as the
larger the total slew angle is, the larger the nutation
angles of the constitutive Half-cones are, and there-
fore a perturbed slew can have a higher final error.
The discontinuities in the ∆Z graphs are caused by
the switch from one k-value to a next one, which is
obviously highly depending on slew angle δt.
The effects of a spin rate perturbation, visible in
Figure 10, are again by far the most influential on the
pointing errors. A tfd perturbation plotted in Figure
11 has a moderate effect on ∆H and a negligible effect
on ∆Z , as was also seen for the Half-cone manoeuvre
in Section VII.I.
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Fig. 9: ∆H and ∆Z as a function of δt and It perturbation
for EHC
The effects of an asymmetric inertia matrix shown
in Figure 12 appear quite similar to the effects of an
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Fig. 10: ∆H and ∆Z as a function of δt and ωz perturb-
ation for EHC
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Fig. 11: ∆H and ∆Z as a function of δt and tfd perturb-
ation for EHC
It perturbation as in Figure 9, though with slightly
higher values for ∆H and lower values for ∆Z . The
effects of varying moments of inertia, spin rate or
thrust are quite similar to their corresponding slew
angle graphs and are therefore omitted for brevity.
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Fig. 12: ∆H and ∆Z as a function of δt and asymmetric
perturbation for EHC
VII.III Sector-Arc Slew
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Fig. 13: ∆H and ∆Z as a function of δt and Iz perturba-
tion for SAS
The variation in ∆H with slew angle δt is due to
the fact that the SAS parameters (nutation angle θ
and k) are optimised for δt = 90
◦. ∆Z on the other
hand does not seem to be influenced by δt at all.
Again, similar to the Half-cone slew, the SAS is most
sensitive to a perturbation in spin rate, with ∆H and
∆Z reaching comparable values of about 50
◦.
The effects of an asymmetric inertia matrix shown
in Figure 17 appear quite similar to the effects of an
It perturbation as in Figure 14, though with slightly
higher values for ∆H and lower values for ∆Z . The
effects of varying moments of inertia are quite sim-
ilar to their corresponding slew angle graphs and are
therefore omitted for brevity.
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Fig. 14: ∆H and ∆Z as a function of δt and It perturba-
tion for SAS
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Fig. 15: ∆H and ∆Z as a function of δt and ωz perturb-
ation for SAS
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Fig. 16: ∆H and ∆Z as a function of δt and tfd perturb-
ation for SAS
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Fig. 17: ∆H and ∆Z as a function of δt and asymmetric
perturbation for SAS
VII.IV Dual-cone Slew
There are a few characterising trends visible in the
Dual-cone robustness graphs. The main improve-
ment with respect to the HC is that the nominal
values for both errors at zero perturbation are very
close to zero – which was the idea behind the Dual-
cone slew algorithm in the first place. The one dis-
continuity occurring with increasing δt is where the
algorithm chooses a different k-value.
The effects of an asymmetric inertia matrix shown
in Figure 22 appear quite similar to the effects of an
It perturbation as in Figure 19, though with slightly
higher values for ∆H and lower values for ∆Z . The
effects of varying moments of inertia, spin rate or
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Fig. 18: ∆H and ∆Z as a function of δt and Iz perturba-
tion for DC
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Fig. 19: ∆H and ∆Z as a function of δt and It perturba-
tion for DC
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Fig. 20: ∆H and ∆Z as a function of δt and ωz perturb-
ation for DC
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Fig. 21: ∆H and ∆Z as a function of δt and tfd perturb-
ation for DC
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Fig. 22: ∆H and ∆Z as a function of δt and asymmetric
perturbation for DC
thrust are quite similar to their corresponding slew
angle graphs and are therefore omitted for brevity.
VII.V Rhumb Line Slew
For the Rhumb Line algorithm, a model of a sun
sensor was implemented. This gives rise to additional
initialisation data, in particular:
• Sun vector in RI: [0 1 0]
• Sun sensor normal vector in SFB: [-1 0 0]
Nearly all ∆H figures appear to indicate the nom-
inal value of It actually yields the worst result
(highest ∆H). The one exception to this observa-
tion seems to be the tfd perturbation in Figure 26,
though this may just be an effect of scale: for all other
graphs the ∆H range is at the most 1
◦, while for Fig-
ure 26 this range is 20◦. This likely indicates that the
nominal tfd value is suboptimal for a 90
◦ slew. ∆Z
is nearly the same for all considered perturbations
with values ranging up to 6◦ and minimum around
the nominal value for It, with the perturbation itself
having a very small effect.
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Fig. 23: ∆H and ∆Z as a function of It and Iz perturba-
tion for RL
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Fig. 24: ∆H and ∆Z as a function of It and It perturba-
tion for RL
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Fig. 25: ∆H and ∆Z as a function of It and ωz perturb-
ation for RL
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Fig. 26: ∆H and ∆Z as a function of It and tfd perturb-
ation for RL
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Fig. 27: ∆H and ∆Z as a function of It and asymmetric
perturbation for RL
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Approach Pro Con
Geometrical Fast Very difficult for Rhumb Line
(Section III) Only one point per calculation
Taylor Series Comprehensive: one calculation
yields local solution behaviour
Complex
(Section IV) Moderately fast Only valid in small region
around nominal point
Simulations Accurate Slow
(Section V) Possible for all slews Only one point per calculation
Table 3: Advantages and disadvantages of the studied approaches
Algorithm Iz It ωz tfd Asymm
Half-cone family moderate moderate extreme minimal comparable to It
Rhumb line moderate moderate moderate moderate comparable to It
Table 4: Overview of algorithms versus robustness
VIII ROBUSTNESS ANALYSIS OVERVIEW
VIII.I Observations on Analytical Prediction
Algorithms
For most algorithms, the values for ∆H and ∆Z pre-
dicted by the analytical approaches, whether Taylor
series approximation or geometrical, is quite close to
the simulated values.
One important advantage of the analytical solu-
tions over simulations is that they can be inverted
to e.g. determine what the minimum spin rate needs
to be in order to bring the slew time down to a cer-
tain duration, or to determine the torque level for
minimum ∆H .
The largest discrepancies between simulations and
analytical predictions appear to stem from the ‘im-
pulsive shot’ assumption that is only applied in the
predictions.
Table 3 summarises the advantages and disadvant-
ages of the three methodologies used for the robust-
ness analysis as defined in Sections III, IV and V.
VIII.II Slew Robustness Overview
The Half-cone derived slews are most sensitive to per-
turbations in the spin rate. For the nominal scenario
of Table 1 a 1% perturbation in spin rate leads to
extremely large values of ∆H and ∆Z , in the order
of 50◦ − 80◦. The Rhumb Line slew is not nearly
as sensitive to a perturbation in spin rate due to the
use of a Sun sensor, though some dependency on spin
rate remains in the conversion of heading angle and
torque angle to time delays.
Table 5 gives a quantitative overview of the max-
imum values for ∆H and ∆Z , in degrees. The rows
represent the maximum error angle for one specific
perturbation for all scenarios.
VIII.III Confirmation of DC and EHC Design
Dual-cone and Extended Half-cone perform better
when varying the slew angle than Half-cone or Multi-
cone. These findings confirm the basic intention be-
hind them that led to a definition especially crafted
to lessen the fluctuations (discrete jumps) visible in
e.g. the Half-cone results for slew angle variations
(compare the Half-cone Figure 3 to the Dual-cone
Figure 18).
IX CONCLUSIONS
A thorough robustness analysis was performed for
several slew algorithms identified as usable for a spin-
ning prolate spacecraft: the Half-cone derived slews
Half-cone, Extended Half-cone, Sector-Arc Slew and
Dual-cone, and the two Rhumb Line slew.
IAC-12 C1.8.4 Page 15 of 17
63rd International Astronautical Congress, Naples, Italy. Copyright c©2012 by EADS Astrium. Published by the
IAF, with permission and released to the IAF to publish in all forms.
HC EHC SAS DC RL
∆H ∆Z ∆H ∆Z ∆H ∆Z ∆H ∆Z ∆H ∆Z
Iz 2.5 1.2 1.2 0.2 3 1.2 1.2 0.6 12 7
It 2 1.2 0.3 0.15 2.5 1.2 0.8 0.6 12 7
ωz 60 60 80 50 60 50 100 60 14 7
Iy (asymm) 2 0.4 0.4 0.07 4 0.3 0.7 0.3 13 7
tfd (+/-1ms) 8 2e-06 16 2e-06 3.5 2e-06 16 2e-06 30 9
Table 5: Overview of maximum angular errors in degrees per algorithm and perturbation
IX.I Analytical and Numerical Approaches
As a first step potential analytical approaches for
this robustness analysis were investigated and veri-
fied based on feasibility and complexity.
For the Half-cone slew, first-order and second-order
Taylor series approximations were developed to cal-
culate the final angular momentum vector and the
final spin axis vector. After comparison with sim-
ulation data, the second-order (quadratic) approx-
imation is deemed more precise than the first-order
(linear) approximation, but in certain situations the
first-order approximation is still quite accurate for
analytical predictions. The main advantage of the
Taylor series approximation lies in the fact that with
one calculation, it can supply an approximation of the
behaviour of the solution in the vicinity of the calcu-
lated point (usually the nominal point). However,
the Taylor series approximation rapidly becomes too
complex for other slew algorithms.
For all Half-cone derived slews a geometrical ap-
proach has been derived. This approach is less ver-
satile than the Taylor series approximation since it
only gives information about the point where it is
calculated; as a result, it needs to be run many times
in order to get an idea of the behaviour of the solu-
tion near the nominal point. However, it is easier to
derive and can therefore be used not just for all Half-
cone derived algorithms but also for the Spin-Synch
slew.
Analytical approaches were not used in the follow-
ing two cases:
1. For the Rhumb line algorithm, predicting the ex-
ternal trigger (time of sun detection) requires
calculating the spacecraft’s instantaneous atti-
tude at each time instant, comparing it with the
external trigger condition and acting upon the
result of this condition. Analytically deriving
this was deemed too complex for this thesis and
has therefore not been attempted.
2. All analytical approaches are founded on sev-
eral assumptions, among which the assumption
that the spacecraft is axisymmetric. Introducing
an asymmetric inertia matrix in these analytical
equations is not impossible but too complex for
the aim of this thesis, and has as a result been
left out.
In all cases simulations are used as benchmark for
the result of an analytical approach where applic-
able. The main difference in assumptions between
the analytical approaches and the simulations is the
‘impulsive shot’ assumption: the analytical approach
assumes the impulse generated by the control torque
is delivered instantaneously while the simulator nu-
merically integrates the effect torque over the short
but not insignificant time period of the thruster firing
duration tfd.
IX.II Analysis Results
The most conspicuous result of the robustness ana-
lysis is that all Half-cone derived slews and the Spin-
Synch slew are highly sensitive to perturbations in
the spin rate. The Rhumb line is not nearly as sens-
itive due to the use of a Sun sensor, though some
dependency on spin rate remains in the conversion of
heading angle and torque angle to time delays.
The high sensitivity to spin rate perturbation of
the Half-cone derived manoeuvres (and Spin-Synch)
poses very stringent requirements on the attitude rate
knowledge before starting the manoeuvre and likely
necessitates the use of a high-accuracy angular rate
sensor (e.g. rate gyro). Another option might be
to have the spacecraft perform a predefined man-
oeuvre and use system identification techniques to
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try and quantify the deviations in input parameters
from their predefined values, but this is of course de-
pending on available time and resources.
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